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1 Introduction 

The concept of statistical convergence was initially introduced by East O, which 
is closely related to the concept of natural density or asymtotic density of subsets 
of the set of natural numbers N. Later on, it was studied as asummability method 
by Eridy BH, Eridy and Orhan IH, Ereedman and Sember 0, Schoenberg Ill8l , 
Malafosse and Rakocevic IITOl and many more mathematicians. Moreover, in 
recent years, generalizations of statistical convergence have appeared in the study 
of strong integral summability and the structure of ideals of bounded continuous 
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functions on locally compact spaces. Also, statistical convergence is closely related 
to the concept of convergence in probabilty 

By the concept of almost convergence, we have a sequence x = (Xk) e £^0 it its 
Banach limit coincides. The set c denotes set of all almost convergent sequences . 
Lorentz |8| proved that. 


c = {x G ^00 : lim tmn{x) exist uniformly in n], 

m 

where 




•••• 

m + 1 


Similarly, the space of strongly almost convergent sequence was defined 
as, [c] = {x G /’oo : lim fm,n(|x - Le\) exists uniformly in n tor some L}, where, 

m 

e = (1,1,...). (see Maddox |j9jl) 


A lacunary sequence is defined as an increasing integer sequence 6 = (fc,) such 
that ko = 0 and hy = ky - > cx) as r —> cxj. 


Note: Throughout this paper, the intervals determined by 6 will be denoted by 
fr = {ky_i,ky] and the ratio ^ will be defined by (py. 


2 Preliminary concepts 

Let 0 < n < 1 be given. The sequence (Xk) is said to be statistically convergent of 
order a if there is a real number L such that, 

1 

hm —\{k <n:\xk-L\> e}| = 0, 

n^oo fi^ 

tor every e > 0. In this case, we write S“ - limx^c = L. The set of all statistically 
convergent sequences of order a will be denoted by S®. 

For any lacunary sequence 0 = (ky), the space Ng defined as, (Freedman et 
al.il) 
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^0 = -I (Xk) ■ lim hj. ^ y \xk- L\ = 0, for some L 


The space Ne is a BK space with the norm. 


||(x,t)lle = suph/Y^\Xk\. 


Let 6 = (kr) be a lacunary sequence and 0 < n < 1 be given. The sequence 
X = (Xjc) G zc is said to be Sg-statistically convergent (or lacunary statistically 
convergent sequence of order a) if there is a real number L such that 



where B = {h-i, h] and h‘} denotes the n-th power {hrY of hy, that is, = (hf) = 
...). We write 5“ - limxjt = L. The set of all S“-statistically convergent 
sequences will be denoted by S“. 

By an Orlicz function , we mean a function M : [0, oo) —> [0, oo), which is 
continuous, non-decreasing and convex with M(0) = 0, M(x) > 0, tor x > 0 and 
M(x) —> oo, as X —> oo. 

The idea of Orlicz function is used to construct the sequence space, (see Lin- 
denstrauss and Tzafriri [|7|), 



This space £m with the norm. 



becomes a Banach space which is called an Orlicz sequnce space. 

Musielak | [T2| defined the concept of Musielak-Orlicz function as ^ = (Mk). 
A sequence = (N/c) defined by 
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Nk{v) = sup{|u|u -Mk{u): u>0},k = 1,2,.. 


is called the complementary function of a Musielak-Orlicz function The 
Musielak-Orlicz sequence space t^ and ifs subspace are defined as follows: 

= {x e w : I^{cx) < oo for some c > 0}, 

= {xew: I^{cx) <oo,'ic> 0}, 
where 7^ is a convex modular defined by, 

CO 

= Y^Mkixk),x = (Xk) e f^. 

k=l 

If is considered t ^ equipped wifh the Luxemberg norm 

||x|| = inf|/c>0:7^(^)<l} 
or equiped with the Orlicz norm 

llxir =inf|i(l+7^(/cx)):/c>o}. 

A Musielak-Orlicz function (M^:) is said to satisfy A 2 -condifion if there exist 
constants a,K > 0 and a sequence c = e 7+ (the positive cone of 7^) such 

thaf the inequality 


Mk{2u) < KMk{u) + Ck 

holds for all G N and u G R+, whenever Mk{u) < a. 

If A = (ank)'^}.^-^ is an infinite matrix, then Ax is the sequence whose nth term is 

CO 

given by A„(x) = E ^nk^k- 

k=l 

We consider a sequence x = (Xk) which is said to be strongly almost lacunary 
statistical A-convergent of order a (or S“(A, (s))-sfafistically convergent) if, 




^E' 


Mk 


\tkm{Ak{x) - L)|' 


Ask) 


keir 


P 


(b 



0, uniformly in m. 
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where Ir = {kr-i,kr] and denotes the n-th power {h“) of hr, that is, = {h“) = 
{h‘^,h 2 , ...) and ^ = (Mjt) is a Musielak-Orlicz function. 

Also we have introduced the space of strongly almost lacunary A-convergent 
sequences with respect to Musielak-Orlicz function ^ = (Mk) as follows: 

]^“(A, (S)) = I (Xk) : ^ I hmiAix) ^ j j ^ ^ ^ Q 

We give some inclusion relations between the sets of S“(A, (s))-statistically 
convergent sequences and strongly almost lacunary A-convergent sequence space 
Ng(A, (s)). Also some results defined by Musielak-Orlicz function are studied 
with respect to these sequence spaces. 


3 Main Results 


Theorem 3.1. Let n, jS G (0,1] be real numbers such that n < jS, be a Musielak- 
Orlicz function and 6 = (k,) be a lacunary sequence, then Ng(A, (s)) c S^. 

Proof: Let x G N“{A, M, (s)). 

For e > 0 given, let us denote Xi as the sum over k G |hm(Ajt(x) - L)| > £. and 
Y ,2 denote the sum over k G \tkmiAkix) -L)\ < £ respectively. 


As h‘f < hr for each r, we may write. 


iL 

keh 


Mk 


l^kmiAkix) L)| 


P' 


(b 


Sk 


= ^ [El [Mk + E2 [Mk )]"''] 

> [Ei [Mk [ '*MAk(x)-L)\ )^Y + E2 [Mk 
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> ^Limin([Mjt(£i)f,[M)t(£i)n,£i = ^ 

> 4|{fc G Ir : \hm{A{x)) -L\> £}|min([Mfc(£i)]4 [Mk{£i)]^. 

(if. 

As X G Ng(A, (s)), the left hand side of the above inequality tends to zero 
as r —> cx). 

Therefore, the right hand side of the above inequality tends to zero as r — > oo, 
hence x e S^. 

Corollary 3.2. Let 0 < n < 1, ^ be a Musielak-Orlicz function and 6 = (kr) be 
a lacunary sequence, then 


N«(A,.^,(s))cS«. 

Theorem 3.3. Let ./# be a Musielak-Orlicz function, x = (xjc) be a bounded 

h 

sequence and 9 = (kr) be a lacunary sequence. If lim -A = l,then x G S" => x G 




Proof: Suppose that x = (Xk) be a bounded sequence that is x G ^oo and 
S“ - limxfc = L. 

Asx G ^oo/then there is a constant T > 0 such that |xjc| < T. Given £ > 0, we have. 




keir *- 


Mk 


\tkmiAkix) - L)!'' 


p' 


(k) 


Sk 


1 V ItV/T i |f/cm(a;cW-£)l , 1 V ItV/T i|tfe>i(AW-£)l 

j;aLi[Mk[ -- )\ +i;aL2[Mk[ -- )\ 


< 


i El max |[Mfc {^)f , [Uk (^)]''| + ^ E 2 [^k 


< max{[M,(i<C)]4 [M,(]<C)]«} A|{/c G h : |h^(A,(x)-L)| > £}|+4max{[M,(£i)]E [Mfc(£i)]"}, 4^ 


Hi T 




Hence, x G ]^2(A, (s)). 
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Theorem 3.4. If lim Sk > 0 and x = (Xk) is strongly N“{A, ^, (s))-summable 
to L with respect to the Musielak-Orlicz function then N“(A, (s)) - \imxk is 

unique. 


Proof: Let lims^ = s > 0. Suppose that Nq{A,^,{s)) - limxk = L, and 
N“(A, {$)) - limXk = Li- Then, 


lim — 

r—>co 


kelr 


Mk 


\tkmiAk{x) L)| 


Pi 


(k) 


0, for some > 0 


and 


lim 

r^oo /7„ 


kelr L 


Mk 


^\tkUAk(x)-L)\^^"'^ 


P2 


(k) 




0, for some p® > 0. 


Define p^b = max(2p®,2p2^y As ^ is nondecreasing and convex, we have. 




kelr 


Mk 


'|L-Li 




(k) 


< 


D V ^ 

K Zj 


P 


Mk 


kelr 


|tfcm(A/j(x) L)| 


1% 


Pi 


(k) 


+ 


Mk: 


|tfcm(Afc(x) L)| 


Sk\ 


< — y^ 


kelr L 


Mk 


l^kmiAkix) L)| 


Npi: 


Pi 


(k) 


+ 


-T 

h? Lu 

kelr L 
H-1 


Mk 


(k) 

P2 


|t/cm(A/j(x) L)| 
(b 

P2 


Sk 


where sups*: = H and D = max(l,2^ Hence, 


0, {r oo). 


lim y^ 

r—»oo 


kelr 


Mk 


'\L-U 


Vk 


P 


(k) 


= 0 . 


As lim Sk = s, we have, 

k^oo 


lim 

k^oo 


Mk 


'|L-Li 


P 


(k) 


Sk 


Mk 


'\L-U 


P 


(k) 


and so L = Li.Thus the Imit is unique. 


Theorem 3.5. Let A = {Umk) be an infinite matrix of complex numbers 
and let MP = {Mk) be a Musielak-Orlicz function satisfyingA 2 -condition . If x 
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is strongly almost lacunary A-convergent sequences with respect to M, then 
N«(A) cN«(A,^). 


Proof: Let x G N“(A). 

Then, lim ltjcfn(A(x) - L)| =0, uniformly in m. 

hr “ 

^ keir 

Let us define two sequences y and z such that. 


(lhm(Ajt(y) - L)|) 


{\tkm{Ak{x) - L)|) if {\tkm{Ak{x) - L)|) > 1; 
e iii\tkUAkix)-L)\)<l. 


{\tkm{Ak{z) - L)|) 


6 if {\tkm{Ak{x) - L)|) > 1; 

ihUAkix) - L)\) if (|f,cm(A,(x) - L)|) < 1. 


Hence, {\tkm{Ak{x) - L)|) = (|4m(Afc(y) - L)|) + (|h^(Afc(z) - L)|). 


Also, {\tkm{Ak{y) - L)|) < {\tkm{Ak{x) - L)|) and (|hm(Afc(z) - L)|) < {\tkm{Ak{x) - L)|). 


Since, N“{A) is normal, so we have y,z G N“{A). 


Let supMfc(2) = T 


Then, 

keIr L 

keir 


Mk 


'\tkm{Ak{x)-L)\^ 


(k) 


Mk 


P 

'\tkm{Ak{y) - L)\ + \tkm{Ak{z) - L)P 


(k) 


< 


< 


keir *- 


1 

:^Mk 


P 

^2\tkUAk{y) - l2\tkm{Ak{z) - L)r 


P 


(k) 


P 


(k) 


keir 


\tkm{Ak{y) L)| 


P' 


(k) 


keir ' 


|h^(Ajc(z) -L)|' 


P 


(k) 


Mk{ 2 ) 
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-IK / , 


Ki 


'\hm{-^k{y) - ^)r 


kelr 


P' 


(k) 


supMfc(2) + 112], ^2 


' \tkmi-Pkkiz) - L)P 


kelr 


P' 


(k) 


supMjc(2) 


0 as r ^ oo. 


Hence x G N“(A, ^). This completes the proof. 


Theorem 3.6. Let A = (Umk) be an infinite matrix of complex numbers and let 
^ = (Mk) be a Musielak-Orlicz function satisfying A 2 -condition. If 


lim inf 

V—>oo k 


V 

p(fc) 


> 0, for some > 0, 


then,N«(A) =N«(A,.^). 

Proof: If N“(A) = N“(A, for some > g, then there exists a number y > 0 
such that 


Mk j > y j, Vv > 0, and some p^b > g. 


Let X G N“(A, . Then, 


-T 

M I—i 


kelr *- 


Mk 


'\tkmiAk{x) - L)\' 


p 


(k) 


> ly 


kelr 


r 


Tfcm(Ajc(x) - L)|' 


P 


(k) 


1 V /|f)cm(A)t(x) - L)P 




kelr 


P' 


(k) 


Hence, x G Ng(A). This completes the proof. 


Theorem 3.7. Let ^ = (Mk) be a Musielak-Orlicz function where (Mk) 
is pointwise convergent. Then, N"{A,^,{s)) C Sq{A,^,{s)) if and only if 

limMfc 11" 1 > 0 for some v > 0, p^b > g_ 

k 

Proof : Let £ > 0 and x G Ng(A, (s)). 


Also, if lim Mi: 

k 



> 0, then there exists a number c > 0 such that 
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Mfc — > c, for V > £. 






Let us consider, = |i e Ir: Mi 


Then, 


-T 

h? Lu 


keir *- 


Mu 


'\tUA{x)-L)\^ 


P 


(k) 


Sk 


> 


-T 

M Lu 


Mu 


'jtum(A(x)-L)j' 


IS/C 


'' kel} L 

h 


P 


(k) 


1 

— C~\^km{Ao{£)\ 

Ir 


Hence, it follows that x G S“(A, ^, (s)). 


Conversely, let us assume that the condition does not hold good. For a number 
V > 0 , let limMjc j = 0 for some p > 0. Now, we select a lacunary sequence 


6 = (Ur) such that Mu < 2 '' for any k > n,. 


Let A = 7 and define a sequence x by putting. 


Au{x) = 


V if n-r-i <k < 

0 •£ tlr+rir-i 


Ur+rir-i . 


2 < k <nr. 


Therefore, 


ly 

ha 


keIr *- 


"•m 


S/c 


p(k )) 

. (nr+n. \P / 




< 


1 1 


M 2'-! 1 2 


Ur + riy-l 


n,_i 


=-> 0 as r —> oo. 

71 


Thus we have x G (A, , (s)). 
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But, 


j'->oo 


[kelr-Y, 


keL 




Sk 


> £ 


= lim — 


I k G (Uy-l, 


Hr + Wr-l 


kelr *- 


V 


^P 


(k) 


1 Ur-Ur-i 

Bm —--- 

'■^OO hy 2 

1 

2’ 


So, X ^ S“(A,^, (s)). 


Theorem 3.8. Let ^ = (Mjt) be a Musielak-Orlicz function. Then S“(A, (s)) c 

Ng(A, .y#, (s)) if and only if sup sup 


V k 


\p 


/\ 1 / 

Proof: Letx G Sg(A, {$)). Suppose h{v) = supMj: -j- and h = sup h{v). Let 


2 I 7 . T . j/r / \^km(^(x) L)\ 


If = ^kelr: Mk 
Now, Mk{v) < h for all k,v > 0. So, 


P 


(k) 


i \p®/ 

<d. 


-T 

hi Lu 


keL 


Mu 


'\hm{A{x)-L)\^ 


p 


(k) 


Sk 


= -Y 

hi Lu 


kel} 


+ 


-Y 

hi L-i 


keL 


Mu 

(\tum{A{x) - L)\\ 

[ p^^^ f\ 

Mu 

(\tum{A{x) - L)\\ 

[ p^^^ l\ 


< h — \tkmiAo{£)\+h{£). 


Hence, as £ ^ 0, it follows that x G Ng(A, {$)). 
Conversely, suppose that 


V 


supsupM^j— = CXI. 


V k 


P 


Then, we have 


0 < Vi < V2 < ... < V,_1 <Vy< ... 
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so that for r > 1. Let A = I. We set a sequence x = (x^) by. 


Then, 


Ak{x) = 


Vy iik = riy for some r = 1,2, 
6 otherwise. 




\kelr: 


E 

keL 


p« I 


iSic 


> £ 


= lim — 
= 0 


Hence, x G S‘^(A, ^, (s)). 
But, 

1 X—1 

Mk 


lim —y 

r^oo 


keir *- 


\tkmiAk{x) - L)!'* 


P' 


(k) 


1 = A 


IJ r->oo hj 

\ 1 . 


r->oo 


So, X G Ng(A, (s)). 
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